


HIG-68-10 

ON THE EQUILIBRIUM FIGURE OF THE EARTH 

BY 

Mohammad Asadullah Khan 

September 1968 

Prepared f o r  

Na t iona l  Aeronautics and Space Adminis t ra t ion 
Grant No. NGR-12-001-045 

Approved by Di rec to r  

Date: 18 November 1968 





CONTENTS 

Page 

Abstract . 1 

Introduction . * 3 
Theory of Hydrostatic Equilibrium . 6 

General Solution of the Problem of Hydrostatic 
Equilibrium . . 17 

Choice of As . . 24 

Minimum Strength of the Earth . . 25 

Review of the Previous Methods . . 32 

Pre-Satellite Method . . 32 

Other Post -Sate l l i te  Methods . . 33 

Summary and Conclusions . . . 35 

Acknowledgments . . 36 

Bibliography . . . 38 

iii 



ABSTRACT 

If de S i t t e r ' s  hydrostatic equations are developed independent 
of the external potential theory, the hydrostatic geopotential 
coeff icient J occurs e q l i e i t l y  on the right-hand side of those 
equations. &nee Jh here has t o  be twated  as an unkncwn i n  the 
solution, it becomes rather d i f f i c u l t  t o  solve the equations 
independently, regardZess of which of the dgnani-ical parameters 
associated with the earth is taken as the i n i t i a l  datum. Solution 
i s  possibZe, hmever, with the heZp of a boundary condition derived 
from the external potential theory which neither assumes nor discounts 
the presence of equilibrium conditions in the earth's interior.  I f  
a general so lution i s  constructed on this basis, the three particu Zar 
so lutions, usual Zy quoted i n  literature, stem f r o m  it i n  the wake 
of the appropriate assunptions. Of course, the on& waningful 
solution--of these-- i s  that corresponding t o  the p o k r  moment of 
inert ia  as the i n i t i a l  datum. I t  is essential that the solution be 
constructed i n  th i s  way i n  order t o  demonstrate c l e a r l y  the correct 
structure of the probZem of hydrostatic equi librium. 

The anmalous gravity f i e l d  of the earth referred t o  the hydro- 
s t a t i c  figure i s  conpamd with that  referred t o  the international 
reference e 2 l i p o i d .  

-1- 





I n t r o d u c t i o n  

The h y d r o s t a t i c  theory of t h e  e a r t h ,  i n  i t s  p r e s e n t  f o m ,  w a s  

o r i g i n a l l y  developed by C l a i r a u t  (1743). Radau (1885) s i m p l i f i e d  

i t  by making an important  s u b s t i t u t i o n  i n  C l a i r a u t ' s  d i f f e r e n t i a l  

equat ion.  

dynamical f l a t t e n i n g  H ,  and m (de f ined  later) would l ead  t o  some 

u s e f u l  information about t h e  d i s t r i b u t i o n  of d e n s i t y  w i t h i n  the e a r t h .  

The a p p l i c a t i o n  of t h e  theory,  however, showed t h a t  w i th  m and H 

f i x e d ,  widely d i f f e r e n t  laws of d e n s i t y  l e d  t o  almost t h e  s a m e  

va lue  of € l a t t e n i n g  ( J e f f r e y s ,  1962, page 152).  This l e d  t o  an impor- 

tant  r e s u l t :  i f  one could assume t h a t  t h i s  theory w a s  a p p l i c a b l e  

t o  t h e  real e a r t h ,  i .e. ,  i f  t h e  e a r t h  - w a s  i n  h y d r o s t a t i c  equ i l ib r ium,  

it  would be p o s s i b l e  t o  compute i ts  f l a t t e n i n g .  

a knowledge of t h e  parameters m and H and of t h e  d i s t r i b u t i o n  of 

d e n s i t y ,  t o  compute t h e  g e o p o t e n t i a l  c o e f f i c i e n t  J. The parameters 

RI and H were q u i t e  well-determined. 

w a s  n o t  very well-known, b u t  t h i s  theory had i n d i c a t e d  t h a t  t h e  u s e  

of a reasonable  d e n s i t y  model w a s  adequate f o r  t h e  computations. 

obvfous i n f e r e n c e  w a s  t h a t  t h e  va lue  of f l a t t e n i n g ,  ob ta ined  on the  

b a s i s  of t h i s  theory for: a reasonable  d e n s i t y  d i s t r i b u t i o n ,  would g ive  

a good approximation t o  t h e  a c t u a l  f l a t t e n i n g  of t h e  e a r t h  spheroid.  

Such an i n f e r e n c e  w a s  p a r t i c u l a r l y  welcome a t  t h a t  t i m e  because a 

p r e c i s e  de t e rmina t ion  of t h e  g e o p o t e n t i a l  c o e f f i c i e n t  J w a s  n o t  

p o s s i b l e  t o  provide t h e  va lue  of f l a t t e n i n g  d i r e c t l y .  Other methods 

of determining t h e  f l a t t e n i n g  of t h e  e a r t h  were dependent upon g rav ime t r i c  

o r  a r c  measurement d a t a  and hence had t h e i r  obvious l i m i t a t i o n s .  Doubts 

as t o  t h e  v a l i d i t y  of t h e  above assumption arose,  however, when 

T i s se rand  (1891) and Po inca re  (1910) de r ived  f h  

h y d r o s t a t i c  f l a t t e n i n g  and f real  f l a t t e n i n g )  on t h e  b a s i s  of hydro- 

s t a t i c  theory,  i n  c o n t r a s t  t o  t h e  then-accepted v a l u e  of f - l  = 293.5 

which A.R. Clark had obtained from arc measurements i n  1880 ( J e f f z e y s ,  

1962, p .  152) .  Later, Hayford (1909, 1910) and H e l m e r t  (1911), u s i n g  

more e x t e n s i v e  d a t a ,  obtained f = 297.0, which w a s  q u i t e  c o n s i s t e n t  

w i th  t h e  v a l u e  ob ta ined  from h y d r o s t a t i c  theory w i t h i n  the  l i m i t s  of 

accuracy. This  r ea f f i rmed  t h e  then-prevalent  opinion t h a t  t he  method of 

O r i g i n a l l y  i t  w a s  hoped t h a t  a knowledge of f l a t t e n i n g  f ,  

This  would r e q u i r e  

The d i s t r i b u t i o n  of d e n s i t y  

An 

-1 
= 297.3 ( f h  denotes 

-1 
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h y d r o s t a t i c  theory f o r  computing the  f l a t t e n i n g  of t h e  e a r t h  w a s  more 

accura t e  than any o t h e r  a v a i l a b l e  a t  t h a t  t i m e  (de S i t t e r ,  1924, 1938; 

J e f f r e y s ,  1948, 1962; Jones, 1954). Th i s  i n t e r e s t i n g  conclusion w a s  

based on the b e l i e f  t h a t  s i n c e  h y d r o s t a t i c  equ i l ib r ium probably 

e x i s t e d  throughout the  e a r t h ' s  i n t e r i o r  except f o r  t h e  c r u s t  and perhaps 

t h e  upper mantle, t he  assumption of h y d r o s t a t i c  equ i l ib r ium f o r  the  

whole e a r t h  w a s  no t  u n j u s t i f i e d .  This  b e l i e f  p e r s i s t e d  u n t i l  a r t i f i c i a l  

s a t e l l i t e s  made p o s s i b l e  t h e  d i r e c t  determinat ion of t h e  geopo ten t i a l  

c o e f f i c i e n t  J ,  from which the  f l a t t e n i n g  f of t h e  b e s t - f i t t i n g  spheroid 

could be accu ra t e ly  computed using the  e x t e r n a l  p o t e n t i a l  theory a lone ,  

without recourse t o  e i t h e r  gravimetr ic  d a t a  o r  geodet ic  arc measurement 

d a t a  o r  t o  t h e  h y d r o s t a t i c  equ i l ib r ium theory. The c u r r e n t l y  accepted 

value of f computed i n  t h i s  way is  1/298.25. Since the  real  f l a t t e n i n g  

and the  h y d r o s t a t i c  f l a t t e n i n g  could now be computed independent of  

each o t h e r ,  any  discrepancy between the real f l a t t e n i n g  f and the  

h y d r o s t a t i c  f l a t t e n i n g  f could nowbe s t u d i e d ,  and the  v a l i d i t y  of  

t he  c la im made i n  t h e  p r e - s a t e l l i t e  t i m e s  t h a t  f = f could now be 

proved o r  disproved d e f i n i t e l y .  Henriksen (1960) used & S i t t e r ' s  

equat ions and J = 1622.4 x lom6 t o  f i n d  a value of 1/300 f o r  hydrostatic 

f l a t t e n i n g .  J e f f r e y s  (1963), u s ing  J = 1624.17 x as obtained by 

King-Hele, Cook and Rees (1963), found a value of 1/299.67 f 0.05 f o r  t h e  

h y d r o s t a t i c  f l a t t e n i n g ,  confirming t h e  discrepancy between f and f 

which Henriksen (1960) and O'Keefe (1960) had i n i t i a l l y  pointed out .  

Using t h e  improved value of t h e  constant  of  p recess ion  (Rabe, 1950), o f  

moon-earth mass r a t i o  (1/81.303) and J = 1623.969 x (Kozai, 1964), 

I (Khan, 1967) obtained 1/299.86 2 0.05 f o r  t he  h y d r o s t a t i c  f l a t t e n i n g  

by employing J e f f r e y s '  (1963) approach, which has  both t h e  advantages 

of speed and s i m p l i c i t y .  I n  h i s  method, J e f f r e y s  (1963) has  c a r r i e d  t h e  

a n a l y t i c a l  development t o  f i r s t  o rde r  and then app l i ed  the  c o r r e c t i o n s  

f o r  t he  second-order terms by t h e  numerical  i n t e g r a t i o n  of t h e  appro- 

p r i a t e  expressions.  Although J e f f r e y s '  paper o u t l i n e s  t h e  s t r u c t u r e  of 

t h e  h y d r o s t a t i c  problem c l e a r l y ,  he does no t  u se  S i t t e r ' s  equat ions.  

There has been considerable  confusion regarding t h e  computation of 

h y d r o s t a t i c  f l a t t e n i n g  from 

h 

h 

h 

S i t t e r ' s  h y d r o s t a t i c  equat ions which 
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ca r ry  t h e  development of t h e  theory t o  t h e  second o rde r  a n a l y t i c a l l y ,  

gene ra l  b e l i e f  has  been t h a t  t h e  h v d r o s t a t i c  f l a t t e n i n R  is  and should be 

computed from t h e  h y d r o s t a t i c  p a r t  of t h e  equat ions  alone,  t o  t h e  

complete exc lus ion  of t h e  e x t e r n a l  p o t e n t i a l  theory,  In o rde r  t o  

examine t h e  v a l i d i t y  o f  t h i s  b e l i e f  I re-evaluated (Khan, 1968a) t h e  

h y d r o s t a t i c  theory  and made some modif ica t ions  i n  & S i t t e r ' s  (1924) 

equat ions  i n  o rde r  t o  r e i n s t a t e  t h e  geopotent ia l  c o e f f i c i e n t  J which 

- de S i t t e r  had e l imina ted  from t h e  right-hand s i d e  of h i s  equat ions  by 

means of a r e l a t i o n  der ived from t h e  e x t e r n a l  p o t e n t i a l  theory.  This  

s t e p  i s  e s s e n t i a l  i n  o rde r  t o  demonstrate t h e  c o r r e c t  s t r u c t u r e  of t h e  

problem. When & S i t t e r  worked out h i s  equat ions ,  t h e  geopotent ia l  

c o e f f i c i e n t  J w a s  not  known accura t e ly  and he could presume t h a t  t he re  

w a s  no s i g n i f i c a n t  d i f f e r e n c e  between the  value of J f o r  t h e  real e a r t h  

and the  value o f  h y d r o s t a t i c  J. 

i n c o r r e c t  ever s i n c e .  However, as w i l l  be discussed later, the re  i s  

t h e o r e t i c a l  j u s t i f i c a t i o n  f o r  t h e  e l imina t ion  of J--but t h e  reason t h a t  

w e  ought t o  avoid i t  a t  t h i s  s t a g e  is t h a t  i t  is so well-concealed i n  

t h e  development of & S i t t e r ' s  equat ions  t h a t  it tends t o  obscure the  

c o r r e c t  s t r u c t u r e  of s o l u t i o n  of t h e  problem of h y d r o s t a t i c  equi l ibr ium. 

The 

This  assumption has been proven as  

I n  t h i s  r e p o r t ,  I f i r s t  give t h e  d e r i v a t i o n  of t h e  modified 

equat ions  followed by a d e s c r i p t i o n  of t h e  genera l  so lu t ion .  

present  a review of  previous methods, both pre-satellite and pos t -  

satellite. 

I then 

I wish t o  emphasize here  t h a t  t h e  d i scuss ion  given i n  t h i s  r e p o r t  

p e r t a i n s  p r imar i ly  t o  & S i t t e r ' s  development of t h e  h y d r o s t a t i c  theory .  

The e l imina t ion  of t h e  geopo ten t i a l  c o e f f i c i e n t  J from t h e  right-hand 

s i d e  o f  & S i t t e r ' s  equat ions  is c e r t a i n l y  v a l i d  i f  t h e  c o r r e c t  reason 

f o r  i t  is  ou t l ined  c l e a r l y .  However, t h e  p r e v a i l i n g  s i t u a t i o n  I s  t h a t  

i t  has  given rise t o  the  b e l i e f  t h a t  t he  h y d r o s t a t i c  f l a t t e n i n g  can be 

computed merely from t h e  h y d r o s t a t i c  p a r t  of & Sitter's development of 

t h e  theory without  any use whatsoever of t h e  e x t e r n a l  p o t e n t i a l  theory 

even if t h e  only known datum used is t h e  p o l a r  moment of i n e r t i a  of t h e  

real e a r t h .  The p r i n c i p a l  purpose of  t h i s  r e p o r t  is t o  show t h a t  i f  

- de S i t t e r ' s  development is  used f o r  computing h y d r o s t a t i c  f l a t t e n i n g  

merely from a knowledge o f  t h e  e a r t h ' s  p o l a r  o r  m a n  moment of i n e r t i a  
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(making no a d d i t i o n a l  u se  of t he  sa t e l l i t e -de te rmined  J except i n  t h e  

computation of t h e  p o l a r  moment of i n e r t i a ) ,  some c o n t r o l  from the 

external p o t e n t i a l  theory must be introduced. 

Theory of Hydrost a t i  e Equilibrium 

Development of Modified Hydros t a t i c  Equations: 

The customary manner o f  r ep resen t ing  t h e  o u t e r  p o t e n t i a l  of a 

reference f igu re ,  symmetrical w i th  r e fe rence  t o  both an e q u a t o r i a l  

plane and the p o l a r  a x i s  ( t o  the o rde r  of accuracy required here)  is 

+ 1 u2r2 cos2 4 2 

where 

G = g r a v i t a t i o n a l  constant  

M = mass of t h e  e a r t h  

a = e q u a t o r i a l  r ad ius  of t h e  e a r t h  

u = rate of r o t a t i o n  of t h e  e a r t h  

P2 ( s i n  4) and P 4  ( s i n  4) = Legendre's polynomials 

J2 and J 

e 

= zonal harmonic c o e f f i c i e n t s  i n  t h e  s p h e r i c a l  

harmonic r ep resen ta t ion  of e a r t h ' s  p o t e n t i a l  

4 

The r ad ius  vec to r  of an e l l i p s o i d  of r evo lu t ion  can be represented 

(to t h e  order  of accuracy r equ i r ed  here)  as 

r = a (ao + a2P2 + CL P ) e 4 4  
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whe re 

2 ; f 2  "2 = - - f  3 - -  (3) 

12 f 2  
"4 = 35 

In  the foregoing expression f i s  t h e  f l a t t e n i n g  of t h e  s u r f a c e  

descr ibed by Eq. ( 2 ) .  

S u b s t i t u t i n g  r from Eqs. (2) and (3) i n t o  Eq. (1) and r e t a i n i n g  
2 q u a n t i t i e s  t o  the O(f only,  w e  get t h e  p o t e n t i a l  V on t h e  s u r f a c e  of 

the e l l i p s o i d ,  i .e . ,  

I f  t h e  e l l i p s o i d a l  s u r f a c e  i s  an e q u i p o t e n t i a l  s u r f a c e ,  V must be 

constant  on i t ,  and t h e c o e f f i c i e n t s B 2  and 13 

among o t h e r  r e l a t ions ,  gives  u s  t h e  following equat ion 

must both be zero,  which, 4 

1 2 1 2  f + ~ m f  2 - - m  
J 2 5 - f  3 - -  3 3 (4) 

In t h e  d e r i v a t i o n  of Eq. ( 4 ) ,  no assumption is made regarding t h e  

condi t ions e x i s t i n g  i n  the  e a r t h ' s  i n t e r i o r .  

v a l i d  whether o r  not  h y d r o s t a t i c  equ i l ib r ium exists i n  t h e  e a r t h ' s  

i n t e r i o r .  Eq. (4) g ives  

Hence t h e  equat ion is 

f = - ~  3 + - m + - ~ m + 2 J ~ + J m ~  1 15 
2 2  2 28 2 8 2 56 
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Equations (4) and (5) should relate the  observed J with the  real  

f l a t t e n i n g  i n  a non-hydrostatic case and the  h y d r o s t a t i c  J with the  

hydros t a t i c  f l a t t e n i n g  f o r  a h y d r o s t a t i c  case. Hence Eq. (4) o r  (5) 

w i l l  be of t h e  form 

G ( J ,  f )  = 0 

f o r  the non-hydrostat ic  case and 

f o r  t he  h y d r o s t a t i c  case. 

Note t h a t  Jh and f denote t h e  h y d r o s t a t i c  J and the  h y d r o s t a t i c  h 
f l a t t e n i n g ,  r e spec t ive ly .  

The r e a l  f l a t t e n i n g  of t h e  e l l i p s o i d a l  s u r f a c e  which bes t  f i t s  

the g e o i d i s  given by Eq. (5) i n  t he  form of Eq. (5a),  i f  J f o r  t he  

r e a l  e a r t h  is known accura t e ly  as, f o r  example, from the  regress ion  of 
node of an a r t i f i c i a l  e a r t h  sa te l l i t e .  

The condi t ion of hydros t a t i c  equi l ibr ium can be represented  

analyt icat l ly  by t h e  d i f f e r e n t i a l  equat ion 

dp = 6dV 

where V i s  t h e  sum of g r a v i t a t i o n a l  and r o t a t i o n a l   potential,^ t h e  pres-  

s u r e  a t  any po in t  wi th in  the  body and 6 i ts  dens i ty .  This impl ies  

t h a t  p must be a func t ion  of V, and 6 e i t h e r  a cons tan t  o r  a func t ion  

of V a l s o .  Since t h e  e q u i p o t e n t i a l  s u r f a c e s  are given by V = cons tan t ,  

p and 6 w i l l  a l s o  assume a constant  value,  as obvious from Eq. (3 ) .  

Thus, t he  condi t ion of  hydros t a t i c  equi l ibr ium f o r  t h e  e a r t h ' s  i n t e r i o r  

i s  e s t a b l i s h e d  by s t i p u l a t i n g  t h a t  t he  e q u i p o t e n t i a l  su r f aces  and t h e  

su r faces  o f  equa l  dens i ty  be co inc ident .  I f  8 r ep resen t s  the  mean 
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r a d i u s  o f  any such s u r f a c e ,  expressed i n  terms o f  t h e  o u t e r  s u r f a c e  a s  

a u n i t  so t h a t  A ranges from 0 a t  t h e  c e n t e r  t o  1 a t  the  o u t e r  s u r f a c e ,  

then the equat ion  of t h i s  s u r f a c e  becomes 

where 

f '  = f h  - - 5 f 2  42 h 

Since w e  are developing a second o r d e r  theory  and thus  are n o t  

i n t e r e s t e d  i n  terms O ( f  1, we will treat  f = fh and m f '  = m f h ,  

e t c ,  

2 ( 2  2 

The p o t e n t i a l  V at any p o i n t  (r ,$) wi th in  t h e  e a r t h  i s  given by 

(& S i t t e r ,  1924): 

1 12 -4 32 5 
+t (35 Pa + - Qa P 4  ( s i n  4) 105 

where 

r 
8 u = -  

GM D 

W = volume of the s u r f a c e  of which B i s  t h e  mean rad ius  
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' d  
Q =  '1 6 ; ( > ) d B  

I3 

I n  these  formulas 6 is t h e  dens i ty ,  expressed i n  terms of mean 

dens i ty  as a u n i t ,  and D is t h e  mean dens i ty  wi th in  t h e  su r face  B D  
expressed i n  t h e  same u n i t .  For t h e  o u t e r  su r f ace  

D - 1  
8 

5 2 y J (1 + 7 fh)  

35 
ps = 12 J 4  

The condi t ion  t h a t  t he  su r face ,  descr ibed by Eq. ( 6 ) ,  be an 

e q u i p o t e n t i a l  su r f ace ,  gives  as one of t h e  r e l a t i o n s  t h e  following: 

f (m - 3T) ~ ( f ' + - f ~ - - m )  7 h  2 1  - F ( s + T ) = -  2 1  2 1 3 
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D i f f e r e n t i a t i n g  Eq. (9) and in t roducing  a new v a r i a b l e  n, def ined  

d log f '  & df' 
d log 8 = f '  dB 

we ge t  

( 9 4  
4 + 7 fh) --- 2 1  

With t h e  he lp  of Eq. ( 8 ) ,  t h e  above equat ion g ives  us a boundary 

condi t ion  f o r  the  ou te r  s u r f a c e  which can be w r i t t e n  as 

2 2 
2: m) - 3 f ' ( l  + 7 f h )  - 5 J h ( l  + 7 fh) (10) 4 oaf '  (1 + 7 f h  - - 

where rl denotes t h e  su r face  va lue  of n. 
6 

Again, by d i f f e r e n t i a t i n g  Eq. (9a),  we can get 

i n  which 

and 

5 5 7 f (1 + n) - 3 f h ( l  + n)2 - 4f 
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where 

Radau (1885) transformed Eq. (11) t o  the  form 

DB5 fix= 5D B 4  F(n) 
dB 

1 1 2 + -  2 
2 10 rl 105 

l + - q - -  
F(rl) = 

V l +  rl '  

F(rl) has t h e  remarkable property t h a t  i t  l i e s  very near u n i t y ,  

i t ' s  maximum departure  being 0.0007. I f  1 + X denotes  t h e  average 

value of t h i s  func t ion  ove r  t he  range of i n t e g r a t i o n ,  w e  can write 

which, f o r  t he  o u t e r  su r f ace ,  assumes t h e  form 

D B  4 d B = y  1 

1 + A s  

Note t h a t  rl and X are the  va lues  of parameters rl and X f5r the  
S S 

o u t e r  s u r f a c e .  

Now i n  our u n i t s ,  w e  have 

2 4 n  2 Mae = - ( l + - f )  3 3 h  

The p o l a r  moment of i n e r t i a  C can be  w r i t t e n  as 

1 1 

C = E R  8 J 6 $ [ 5  8 ( 1  9 -j- 2 f h ) ]  dB = f sf 6 B4 dB 

0 0 

2 
3 + - (C  - A) 
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where A i s  t h e  moment of i n e r t i a  about t h e  e q u a t o r i a l  diameter.  W i t h  

C - A  

C 
H = -  

and hence 

w e  ob ta in  another  boundary condi t ion  f o r  t h e  o u t e r  su r f ace  i n  the form 

A s  s t a t e d  before ,  i f  D i s  t h e  mean dens i ty  wi th in  the  su r face  

B expressed  i n  terms of t h e  mean dens i ty  as a u n i t ,  w e  have 

B 3 

= -3 B O  I 82 dR 

which on d i f f e r e n t i a t i o n  w i t h  respect t o  6 gives  

o r  
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S u b s t i t u t i n g  t h i s  value of 6 i n  Eq. (14) w e  get  

1 
B4 df3 + 5 2 Jh 

which, with t h e  h e l p  of Eq. (13a) can be f i n a l l y  transformed i n t o  

(15) 
q = 1 - -  2 4 2  2 f  + - J  + - f  3 h 3 h 9 h 1 4- As 

Equation (10) can be s i m p l i f i e d  t o  t h e  form 

6 2 4  7 f h  + T m f h - J h ( 5 + - f  10 + -  20 
21 h 21  .I nsf '  = 3 f '  - - 

From Eq. (15) one ob ta ins  

2 

- 1  (17) nS 

A t  t h i s  po in t ,  i f  we can ass ign  a reasonable va lue  t o  X ( f o r  
S 

= 0 as explained l a t e r ) ,  w e  can s u b s t i t u t e  n from 
S 

examp l e ,  

Eq. (17)  i n t o  Eq. (16) and ob ta in  an equat ion  i n  J 

a ser ies  of  va lues  of  f can be obtained corresponding t o  a r b i t r a r y  

values  of J However, i t  is convenient t o  get  an express ion  which 

g ives  f e x p l i c i t l y  i n  terms of o t h e r  parameters.  This  can be done 

by w r i t i n g  Eq. (17) as 

and f h  from which h 

h 

h '  

h 

2 
25 2 2 n s = - F  q '  4 

where 
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q " 1 - q  

- 2 Ifh - Jh - 7 2 fh2) 
3 A. = 

2 
'2 7 (fh - f fh2) 

F = l + A s  

It is  instructive t o  note that AI and A2 are both of the order 

Simplifying Eq.  (18), one obtains 

o f f lattening . 

ns = 4 F2 q q 2  [l + 2(A2 - Al) 

- 1 = n o + n 1 + n 2  
+ (A: + 3A2 2 - kA1A2 

where 

and 

n2 = 5 F2 q V 2  [ A: + 3A2 2 - 4AlA2) 

Note that the quantity n1 is of the order of fh, whereas n2 
2 is  of  the order of fh . 
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Using t h i s  value of rl Eq. (16) can be w r i t t e n  as 
8’ 

A f h  2 + (no - 3 + f h  + 5Jh + 62 0 

where w e  have put  

25 2 - -  A = - - -  17  5 
14 42 ‘ 0  3 q’ 

% F2 q’ Jh - - 4 10 
7 m + E J h  

and 

Note t h a t  6 

of t h e  order  of f h  . 

t o  t h e  second o rde r  of small q u a n t i t i e s ,  is 

is approximately of t h e  order  o f  f h ,  whereas 62 is  
l 2  

Equation (22) g ives  t h e  requi red  express ion  f o r  f h  which, c o r r e c t  

It is i n t e r e s t i n g  t o  see t h a t  i n  t h i s  development, t h e  express ion  

h for f corresponding t o  the  f i r s t  o rder  theory is 

- 53h 

3 - no fh - 
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General S o l u t i o n  of the Problem of H y d r o s t a t i c  Equi l ibr ium 

To s o l v e  t h e  problem of h y d r o s t a t i c  e q u i l i b r i u m  w e  have t o  examine 

h y d r o s t a t i c  Eq, (24) which can be w r i t t e n  as 

I n  terms of t h e  b a s i c  parameters,  t h e  above equa t ion  can be w r i t t e n  as 

F(C, A, fh ,  w, a, M) = 0 ( 2 6 4  

If t h e  h y d r o s t a t i c  e q u i l i b r i u m  e x i s t s ,  t h e  f i g u r e  of t h e  e a r t h  p r e d i c t e d  

from t h e  e x t e r n a l  p o t e n t i a l  theory should be co inc iden t  with t h e  

h y d r o s t a t i c  f i g u r e  (See Footnote,  p . 3 7  1 .  

cond i t ion  of t he  problem, i .e.,  i f  t h e  h y d r o s t a t i c  equ i l ib r ium exists i n  
t h e  e a r t h ' s  i n t e r i o r ,  r;qs. (5) and (24) must match a t  t h e  o u t e r  boundary 

of t h e  e a r t h .  Hence, 

This  g ives  an  important  boundary 

o r  more s p e c i f i c a l l y ,  

(5Jh + 6 2 )  61 25 A J t  ] 
2 (5Jh + "2) + + 

3 - no ( 3  - y)) 

1 h  

1 

3 - Qo 

= - J 2 + F  1 J + F 2  
2 h  

where 
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1 3 2  F 2 = - m + - m  2 56 

Other q u a n t i t i e s  on t h e  r i g h t  hand s i d e  of Eq. (24) are de f ined  

p re viou s l  y . 
Equation (27) g ives  t h e  gene ra l  s o l u t i o n  of t h e  problem of 

h y d r o s t a t i c  equi l ibr ium. The p a r t i c u l a r  s o l u t i o n s  are ob ta ined  by 

examining t h e  lef t -hand s i d e  of Eq. (27) i n  t h e  form of Eq. (26) o r  

(26a) and by p rope r ly  d e f i n i n g  t h e  b a s i c  parameters occur r ing  i n  t h a t  

equat ion.  I f  t h e  ra te  of r o t a t i o n  w and t h e  mass M are chosen t o  be t h e  

same f o r  t he  h y d r o s t a t i c  e a r t h  and the  real e a r t h ,  t h e r e  are t h r e e  

p o s s i b l e  s o l u t i o n s  which correspond t o  t h e  fol lowing boundary cond i t ions  

(w, M, a, C )  = constant  

((0, M, a,  H) = constant  

(w, M, a, J )  = cons tan t  

Graphical  s o l u t i o n s  of t h e  gene ra l  h y d r o s t a t i c  Eq. (27) are given i n  

Figure 1 f o r  t h e  f i r s t  two cases and i n  Figure 2 f o r  t h e  t h i r d  case. 

The p l o t s  of t h e  func t ion  G(Jh, fh)  are shown by s o l i d  curves,  whereas 

those  of F(m, H,  Jh, f ) s u b j e c t  t o  the  set of boundary cond i t ions  

mentioned i n  Eq. (28) are shown by broken-line curves. It i s  obvious 

from t h e  shape of t h e s e  p l o t s  t h a t  each set has  an unique i n t e r s e c t i o n  

p o i n t  i n  the region i n  which w e  are i n t e r e s t e d .  Note t h a t  i n  Figure 1 
2 the  a b c i s s a  i s  s c a l e d  i n  terms of J where J = - J I n  a l l  t h e  

s o l u t i o n s ,  X has been taken e q u a l  t o  zero. It is  shown later (see 

Fig. 3)  t h a t  reasonable  v a r i a t i o n s  i n  va lues  of X do n o t  a f f e c t  t h e  

s o l u t i o n  c r i t i c a l l y .  The rate of r o t a t i o n w  i s  t r e a t e d  as cons t an t  

v i a  t he  parameter m i n  a l l  t h e  s o l u t i o n s  given i n  Figures  1 and 2. 

h 

2h 2h 3 h '  

S 

S 

For t h e  case when (w,  M, a, C )  = cons tan t ,  t h e  h y d r o s t a t i c  
-1 f l a t t e n i n g  i s  f = 299.75 t 0.05 and the  h y d r o s t a t i c  J i s  J = 1607.49 

x lo6. 
h h 

This  value is  about t he  same as repor t ed  by Henriksen (1960), 
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-b -4  -2 0 2 4 6 8 

AS 

Fig. 3. I n f l u e n c e  of h on t h e  v a l u e  of f h .  
S 

O’Keefe (1960), and i n  a previous paper by m e  (Khan, 1967). However, 

as much as one can ga the r  from the p o s t - s a t e l l i t e  l i t e r a tu re ,  t h e  method 

r epor t ed  p rev ious ly  (O’Keefe -- i n  foo tno te  t o  - Munk & MacDonald, 1960) 

c e r t a i n l y  does n o t  profess  (Khan, 1968a, b)  t o  t a k e  care of t he  boundary 

cond i t ion  noted above. The f a c t  t h a t  t h e  two methods g i v e  i d e n t i c a l  

numerical  r e s u l t s  can be t r a c e d  t o  de S i t t e r ’ s  s p e c i f i c  e l i m i n a t i o n  of 

the g e o p o t e n t i a l  c o e f f i c i e n t  J from t h e  h y d r o s t a t i c  equat ions i n  o r d e r  

t o  o b t a i n  h i s  equat ions f o r  t h e  h y d r o s t a t i c  theory.  This e l i m i n a t i o n  

remained undetected (Khan, 1968a, b) when i n i t i a l  r e s u l t s  on h y d r o s t a t i c  

f l a t t e n i n g  were r epor t ed  and l e d  t o  the  erroneous b e l i e f  t h a t  t he  then- 
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reported va lue  of h y d r o s t a t i c  f l a t t e n i n g  w a s  obtained from a s o l u t i o n  

of t he  h y d r o s t a t i c  equat ion alone. The n e t  e f f e c t  of t h i s  e l imina t ion  

i s ,  i n  fac t ,  the same as allowing f o r  the above-noted boundary condi t ion.  

However, i t  should b e  clear now t h a t  i f  t h e  above va lue  of f is pre- 

f e r r e d ,  t h e  method r epor t ed  i n  t h i s  r e p o r t  is  t h e  c o r r e c t  way t o  ob ta in  

i t .  A s  u s u a l l y  be l i eved ,  f o r  t h i s  model t he  h y d r o s t a t i c  f l a t t e n i n g  is 

smaller than t h e  r ea l  f l a t t e n i n g .  

h 

The m e r i t  of t h i s  s o l u t i o n  l i es  i n  the fact  t h a t  the p o l a r  moment 

of i n e r t i a  of t h e  h y d r o s t a t i c  e a r t h  i s  equa l  t o  t h a t  of t h e  real  e a r t h ,  

as obtained from o b s e r v a t i o n a l  d a t a  on the g e o p o t e n t i a l  c o e f f i c i e n t  J 

and the  dynamical f l a t t e n i n g  H .  Consequently, i t  i s  p o s s i b l e  t o  avoid 

c e r t a i n  dynamical complications (mentioned later)  which arise when t h e  

moment of i n e r t i a  of t h e  h y d r o s t a t i c  model is taken d i f f e r e n t  from t h a t  

of t h e  real  e a r t h .  

For t h e  case when ( w ,  M, a, H) = cons tan t ,  t he  h y d r o s t a t i c  f l a t t e n i n g  

is  f = 297.29 * 0.05 and the  corresponding h y d r o s t a t i c  J i s  Jh = 1623.225 

x 10 . This va lue  of h y d r o s t a t i c  f l a t t e n i n g  is very n e a r  t h e  f l a t t e n i n g  

obtained i n  pre-satel l i te  t i m e s .  The p r e - s a t e l l i t e  method e s s e n t i a l l y  

cons i s t ed  of p r e d i c t i n g  J from t h e  h y d r o s t a t i c  theory and u s i n g  i t  i n  

Eq. (5)  t o  compute h y d r o s t a t i c  f l a t t e n i n g  which w a s  then assumed t o  g i v e  

the  b e s t  approximation t o  t h e  real  f l a t t e n i n g .  Thus, t he  p r e - s a t e l l i t e  

method w i l l  tend t o  g ive  s imi la r  r e s u l t s  as t h e  s o l u t i o n  proposed he re ,  

i f  t h e  only d a t a  used i n  the  s o l u t i o n  i s  t h e  dynamical f l a t t e n i n g  H.  

Note t h a t  t h e  p r e c i s e  determinat ion of t h e  g e o p o t e n t i a l  c o e f f i c i e n t  J has 

no t  changed t h e  method of s o l u t i o n .  I t  has merely made p o s s i b l e  t h e  de- 

terminat ion of t h e  e a r t h ' s  moment of i n e r t i a  which provides  a b e t t e r  i n i t i a l  

datum than  t h e  dynamical f l a t t e n i n g  H. 

h-6 

However, t h e  p o l a r  moment of i n e r t i a  of t h i s  h y d r o s t a t i c  model is  

g r e a t e r  than t h e  real  earth--and t h i s  i n t r o d u c e s  some dynamical 

complications.  

t h e  e a r t h ,  such as would r e s u l t  because o f  t h e  e q u a t o r i a l  bulge of t h e  

real e a r t h  be ing  more compressed and consequently t h e  real e a r t h  having 

a h i g h e r  d e n s i t y  g r a d i e n t  than t h e  h y d r o s t a t i c  state would r e q u i r e .  

This creates t h e  problem of sugges t ing  some reasonable  p h y s i c a l  

phenomenon r e spons ib l e  f o r  such a process .  Some i n c r e a s e  i n  t h e  p o l a r  

It would imply a change i n  the  r a d i a l  s t r a t i f i c a t i o n  of 
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moment of i n e r t i a  could poss ib ly  be accounted f o r  by t h e  f a c t  t h a t  

when the  e a r t h  r e a d j u s t s  t o  t h e  equ i l ib r ium shape de f ined  by t h e  above 

model, t h e r e  w i l l  be an increase i n  t h e  p o l a r  moment of i n e r t i a  because 

of t h e  expansion of t h e  equator ia l -  bulge t o  conform t o  t h e  new f i g u r e .  

Approximate c a l c u l a t i o n s  show, however, t h a t  t h i s  f a c t o r  can account 

only f o r  a small f r a c t i o n  of t h e  t o t a l  v a r i a t i o n  r equ i r ed  by t h i s  model. 

This is  t h e  h y d r o s t a t i c  model of p r e - s a t e l l i t e  t i m e s  when the  geo- 

p o t e n t i a l  c o e f f i c i e n t  J for the  real  e a r t h  w a s  n o t  p r e c i s e l y  known and 

hence, t h e  moment of i n e r t i a  of t h e  real e a r t h  could n o t  be determined. 

For the  h y d r o s t a t i c  model (w, M, a, J )  = cons tan t ,  t h e  s o l u t i o n  of 

t h e  equat ion G ( J h ,  fh) = 0 w i l l  obviously give a constant  va lue  of 

f l a t t e n i n g ,  as can be seen from Figure 2. 

f o r  t h i s  model i s  f = 298.29 2 0.05 and t h e  corresponding h y d r o s t a t i c  

va lue  of H is H = 3260.50 x 10 . However, t h e  p o l a r  moment of i n e r t i a  

of t h e  h y d r o s t a t i c  model i s  g r e a t e r  than t h a t  of t h e  real e a r t h .  

dynamical problems encountered i n  t h i s  case are again of a similar 

n a t u r e  t o  those  enumerated f o r  t he  second h y d r o s t a t i c  model. 

The h y d r o s t a t i c  f l a t t e n i n g  
-1 

-6 h 

The 

The r e s u l t s  of t h e  above t h r e e  s o l u t i o n s  are summarized i n  Table 1. 

.TABLE 1. P o s s i b l e  Hydros t a t i c  Figures  Obtained 
from t h e  General S o l u t i o n  a, and Data f o r  t h e  R e a l  Ea r th  b - - 

Hydrostatic 
&de 1 

6 Jh x 10 6 H x 10 CI Ma2 A h 2  -1 
f h  

(w, M, a, H) 1635.225 3273.64 0.33300851 0.33191836 297.29 t 0.05* -0.96 
(w, M, a, C) 1607.49 3240.43 0.33071598 0.32964432 299.75 t 0 .05*  +1.50 

0 (w,  M, a, J) 1623.969 3260.50 0.33204876 0.33096611 298.29 o .o5*  

b 

CfMa 

- 
J x 10 H x l O  A h 2  f - l  

2 6 

i623 .969t  3273.64** 0.33071598 0.32963333 298.25 t 0.05 

* Based on m - 0.00344980 (b, 1967; J e f f r e y s ,  1964) 

t Kozai. (1964) 

** Khan (1967) 
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Choice of X 
D 

I n  the above d i scuss ion  t h e  va lue  of X is taken as zero.  As 
S 

po in ted  out earlier, t h e  f u n c t i o n  F(q) always lies very nea r  u n i t y ,  

i ts  maximum dev ia t ion  be ing  of t h e  o r d e r  of 10 . A which is t h e  value 

of X f o r  t h e  o u t e r  su r f ace ,  i s  given by Bullard (1948) as 

-4 
S 

X = (1.6 2 1.8)10-4 
S 

This  estimate, however, is based on the d e n s i t y  d i s t r i b u t i o n  

suggested by Bullen (1940, 1942). J e f f r e y s  (1963), using a s i m p l i f i e d  
-4 dens i ty  model, f i n d s  A s  = 1.3 x 10 

i n s t e a d ,  t h e  r e s u l t i n g  f i s  g r e a t e r  by 6 x only.  Khan (1968a) 

showed t h a t  s l i g h t  v a r i a t i o n s  i n  t h e  v a l u e  of As do n o t  a f f e c t  t h e  

value of f t o  any g r e a t  e x t e n t ,  as is apparent from Figure 3 .  

I t  seems l e g i t i m a t e ,  t h e r e f o r e ,  t o  take As = 0 f o r  i n i t i a l  c a l c u l a t i o n s .  

Note t h a t  Henriksen (1960) a l s o  took hS = 0. 

and p o i n t s  out t h a t  i f  X = 0 
s 

h 

h 

Table 2 summarizes some of t h e  more important  v a l u e s  of X and qS S 
as obtained by d i f f e r e n t  i n v e s t i g a t o r s .  

TABLE 2.  Comparison of Some Hydros t a t i c  Theory Parameters 

S OS 
X 

de S i t t e r  (1924) (4.4 2 1 . 5 ) 1 0 - ~  0.5589 

Bullard ( 194 8) (1.6 2 1.8)10-4 0.565 

J e f f r e y s  (1963) 1.3 0.5587 

Khan (1967) - -- 0.5869 

- 

- 



-25- 

Minimum Strength of t h e  Ea r th  

The stress d i f f e r e n c e s  a r i s i n g  because of t h e  depa r tu re  of t h e  

e a r t h  from h y d r o s t a t i c  equ i l ib r ium are given by J e f f r e y s  (1943, 

1963). 

(1) down t o  t h e  core ,  o r  (2) down t o  a depth of 0.1 of t h e  e a r t h ' s  

r a d i u s ,  t h e  s t r e n g t h  S needed t o  support  t h e  P 

follows: 

On t h e  suppos i t i on  t h a t  t he  stresses are supported by s t r e n g t h  

i n e q u a l i t y  is given as 2 

For the h y d r o s t a t i c  model (w,  M, a, C> = constant :  

Case 3. 

7 2 S = 4 . 3  x AJ 2 x i d 2  dynesjcm' = 4.7 x 10 dynes/cm 

Case 2 

12 3 2 
S = 7.9 x A J 2  x 10 dynes/cm2 = 8.7 x 10 dynes/cm 

Gravity FieEd Referred t o  che Equil ibr ium Figure 

The f i r s t  h y d r o s t a t i c  m d e 1  (ob'cained from t h e  e a r t h t s  p o l a r  

moment of i n e r t i a  as t h e  datum) i s  used as r e fe rence  for computing t h e  

anomalous g r a v i t y  f i e l d  of t h e  e a r t h  f r o m  Kozai's (1964) zonal and. 

Gaposhkin' s (1966) tesseral harmonic c o e f f i c i e n t s  I f  t h e  anomalous 

g r a v i t y  f i e l d  is to be Gsed for m y  s t u d i e s  regarding t h e  e a r t h ' s  

crust and mantle, ft must be computed with re fe rence  t o  the e q u i l i -  

brium f i g u r e  (B'Keefe and Kaula, 1963; B'Keefe, 1965; FPscher, 1967) 

of t he  e a r t h ,  because such a f i g u r e  i s  a f i g u r e  of ze ro  stress, and 

depa r tu re s  from it w i l l ,  inP;er a l i a ,  be i n d i c a t i v e  of t h e  h y d r o s t a t i c  

stresses e x i s t i n g  i n  t h e  e a r t h ' s  c r u s t  and mantle. 

t h e  g r a v i t y  anomalies r e f e r r e d  t o  an e l l i p s o i d  w i t h  f l a t t e n i n g  l l299.75 

The g r a v i t y  a n o m d i e s  r e f e r r e d  t o  the  i n t e r n a t i o n a l  r e fe rence  e l l i p s o i d  

are shown i n  Figure 5. It  i s  obvious from a comparison of FFgure 4 
with F igu re  5 how t h e  p i c t u r e  of t h e  anomalous g r a v i t y  f i e l d  is a 

func t ion  of t h e  model adopted as the  r e fe rence ,  This is  a l s o  ev iden t  

from some of ehe d i scuss ions  given by Q'Keefe and KauPa (1963) and 

F i sche r  (1967). In any ease i t  i s  c l e a r  t h a t  t h e  s a t e l l i t e - d e t e r m i n e d  

Figure 4 shows 
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poin ted  out  from a s tudy  of t h e  two g r a v i t y  f i e l d  r ep re  

is i n t e r e s t i n g  t o  compare t h e  va r i ance  of t h e  anomalous 

wi th  r e s p e c t  t o  t h e  var ious  r e fe rence  f igu res :  

Variance of t h e  anomalous g r a v i t y  f i e l d  wi th  r e sp  

equ i l ib r ium f i g u r e  = 145 mgal  . 
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no r th .  The geo ida l  l o w  over Hudson Bay i s  equal ly  w e l l  r epresented  i n  

both f i g u r e s .  A comparison of t h e  geoida l  high Over the  northwest and 

w e s t  coas t  of South America i n  Figure 7 with i t s  coun te rpa r t  i n  Figure 

8 is s t r i k i n g l y  noteworthy. Over Af r i ca  the  two geo ida l  r e p r e s e n t a t i o n s  

do n o t  agree  too  w e l l ,  bu t  i t  should be noted t h a t  a s t rogeode t i c  d a t a  

f o r  t h e  con t inen t  of A f r i c a  are very spa r se .  The two well-pronounced 
f e a t u r e s  of t h e  sa te l l i te  geoid ,  i .e. ,  t he  geoida l  low i n  the  Ind ian  

Ocean and t h e  geo ida l  high over t h e  Solomon I s l a n d s  area, cannot be  

compared because p r a c t i c a l l y  no a s t r o g e o d e t i c  d a t a  are a v a i l a b l e  f o r  

those areas. The agreement i n  t h e  major f e a t u r e s  of t h e  two g e o i d a l  

r e p r e s e n t a t i o n s  computed from two independent sources  is, among o the r  

th ings ,  i n d i c a t i v e  of t h e  appropr ia teness  of t h e  f i g u r e  of r e fe rence  

t o  which the  sa te l l i t e  and t h e  a s t r o g e o d e t i c  geoid are r e f e r r e d .  

Review of t h e  Previous Methods 

Below w e  g i v e  a very b r i e f  review of t h e  previous methods, examining 

them i n  pe r spec t ive  i n  the  l i g h t  of t h e  gene ra l  s o l u t i o n .  

P r e - S a t e l l i t e  method: 

I f  w e  e l i m i n a t e  J from t h e  right-hand s i d e  of Eq. (15) and (16) 
h 

with t h e  h e l p  of Eq. ( 4 ) ,  w e  o b t a i n  

(2% 
q = 1 - -  l m + - f  1 2  + - m f  2 

3 9 h  2 1  h 

o s f ' = - m - 2 f ' + - m  5 1 0 2  + - f  4 2 - - m f h  6 
2 2 1  7 h  7 

The second o rde r  terms i n  Eq. ( 2 9 ) ,  i.e., the terms conta in ing  
2 3 

f h  and m fh ,  u l t i m a t e l y  become O ( f  ) when they  are mul t ip l i ed  by f on 

s u b s t i t u t i o n  i n  Eq. (30) and drop out .  Their i n c l u s i o n  i s  d e s i r a b l e ,  

however, t o  show e x a c t l y  where t h e  d i f f e r e n t  terms become n e g l i g i b l e .  

With t h e  except ion  of t h e  second-order terms, Eq. (29) and (30) are t h e  

same as - de  S i t t e r ' s  equat ions  (21) and (22) i n  h i s  1924 paper.  
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The method adopted by - de S i t t e r  is  d iscussed  i n  d e t a i l  i n  numerous 

papers  (de - S i t t e r ,  1924, 1938; Bul la rd ,  1948; - Khan, 1968a). H is  taken 

as t h e  i n i t i a l  datum and an attempt is made t o  f i n d  a va lue  of Jh 

which would be compatible with t h e  s e l e c t e d  va lue  of H (both Jh and H being 
2 func t ions  of m). 

(Jh = qH) from a knowledge of the i n t e r n a l  dens i ty  d i s t r i b u t i o n  of the  

e a r t h  (de - S i t t e r ,  1924; Bul la rd ,  1948).  

w i l l  g ive  t h e  corresponding h y d r o s t a t i c  f l a t t e n i n g .  A s e r i o u s  disadvan- 

t age  of t h e  s o l u t i o n  obtained by t h i s  method is  t h a t  t h e  moment of i n e r t i a  

of the h y d r o s t a t i c  model, cons t ruc ted  i n  t h i s  way, i s  g r e a t e r  than t h a t  

of t he  r ea l  e a r t h .  This  creates some dynamical complicat ions as d iscussed  

before .  

w a s  r e a l l y  d i r e c t e d  t o  dev i se  a method which would give t h e  b e s t  approxi- 

mation t o  the  real f l a t t e n i n g  of t h e  e a r t h ,  no t  n e c e s s a r i l y  t h e  h y d r o s t a t i c  

f l a t t e n i n g ,  i n  the  context  of t h e  information a v a i l a b l e  i n  h i s  t i m e .  

Th i s  i s  done by e s t ima t ing  a q u a n t i t y  q = 3/2 C/Mae 

Once Jh i s  determined, Eq. (5) 

However, i t  must be apprec ia ted  t h a t  - de S i t t e r ' s  whole e f f o r t  

Other pos t  -s a te  l l i t e  methods : 

J e f f r e y s  (1963) has  given an e x c e l l e n t  numerical  method based on a 

s i m p l i f i e d  dens i ty  model. H e  computes t h e  va r ious  h y d r o s t a t i c  parameters 

from t h e  f i r s t - o r d e r  theory and eva lua te s  t h e  second-order co r rec t ion  

terms by t h e  numerical  eva lua t ion  of the  appropr i a t e  i n t e g r a l s .  The 

method r epor t ed  i n  t h i s  paper could be r e a l l y  regarded as a counterpar t  

of J e f f r e y s '  (1963) method wi th  t h e  except ion that I have employed 

- de S i t t e r ' s  development of t h e  h y d r o s t a t i c  theory.  

I n  the  previous app l i ca t ions  of de Si tc te r ' s  development t o  compute 

t h e  h y d r o s t a t i c  f l a t t e n i n g ,  however , i t  is u s u a l l y  claimed t h a t  u s ing  

sa t e l l i t e -de te rmined  J and dynamical f l a t t e n i n g  H, and hence 

knowing t h e  p o l a r  moment of i n e r t i a  of t he  e a r t h ,  f should be  computed h 
from t h e  h y d r o s t a t i c  equat ions  a lone  without  us ing  any c o n t r o l s  from 

t h e  e x t e r n a l  p o t e n t i a l  theory.  I f  t h i s  i s  accepted,  t h e  use  of - de 

S i t t e r ' s  (1924) equat ions  i s  automat ica l ly  ru l ed  out  because these  

equat ions  are der ived  wi th  t h e  he lp  of e x t e r n a l  p o t e n t i a l  theory.  

Consequently, t h e  modified equat ions  (Khan, 1968a) should b e  used,  bu t  

i n  t h a t  even t ,  t h e  equat ions  cannot be  so lved  because of t h e  e x p l i c i t  
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TABLE 3. Comparison of Hydrostatic Flattening Values* 

Pre -Sa te l l i t e  Method 

(Based on the  dynamical f l a t t en ing  H aa the  i n i t i a l  datum) 

-1 
fh 

de S i t t e r  (1924) 

de S i t t e r  (1938) 

Bullard (1948) 

3e f f re ye (1952) 

Jeff  reye (1963)t 

296.92 f 0.136 

296.753 f 0.086 

297.338 f 0.050 

297.299 f 0.071 

296.75 1: 0.05 

Results Obtained After the Satel l i te-determinat ion of J 

f h  - hydrostat ic  f la t ten ing;  f - 1f298.25 f 0.05 

(a) Based on the polar moment of i n e r t i a  ae the  i n i t i a l  datum 

-1 
f h  

Henriksen (1960) 

O'Keefe (1960) 

Jef f  reye (1963) 

- Khan (1967) 

300.0 $1.75 

299.8 +1.55 

299.67 f 0.05 +l. 42 

299.86 2 0.05 +1.61 

(b) From a eolution of t he  modified equations alone, 

using polar  moment of i n e r t i a  and the satell i te-determined J 

296.70 t 0.05** -1 55 

297.04 ?: U.05tt -1.21 

%ee a lso  Table 1. 
tUsing the  p re - sa t e l l i t e  approach. 

**Based on m - 0.00344980 (m, 1967a; Je f f reys ,  1963). H - 0.00327364 (e, 
ttBaeed on m - 0.00344992 (Henriksen, 196Q), H * 0,00327070, and 

1967), and J2 - 0.001082645 (Kozai, 1964). 

J2 - 0.00108270. 



appearance of J on the right-hand s i d e  of t h e  equat ions and because  

o f  t h e  n e c e s s i t y  of t r e a t i n g  t h i s  q u a n t i t y  as an unknown i n  the s o l u t i o n .  

I f  t h e s e  modified h y d r o s t a t i c  equat ions are so lved  wi th  the  he lp  of 

s a t e l l i t e -de te rmined  J ( i .e . ,  J = Jh) one w i l l  o b t a i n  t h e  r e s u l t s  

shown i n  t h e  last  s e c t i o n  of Table 2 .  The f i r s t  p a r t  of Table 2 gives  

t h e  r e s u l t s  ob ta ined  from d i f f e r e n t  i n v e s t i g a t o r s  u s ing  - de S i t t e r ' s  

equat ions i n  a way which i s  p e r t i n e n t  t o  t h e  d i s c u s s i o n  given i n  

t h i s  r e p o r t .  

h 

Table 3 l ists  t h e  r e s u l t s  obtained from t h e  modified h y d r o s t a t i c  

equat ions (Khan, 1968a) along with t h e  r e s u l t s  of o t h e r  i n v e s t i g a t o r s  

who obtained t h e i r  values  us ing - de S i t t e r  ' s equa t ions .  

The important  work of Ledersteger  (1967) i s  n o t  d i scussed  because 

the  d i scuss ion  given h e r e  does n o t  p e r t a i n  t o  h i s  method. 

Summary and Conclusions 

Since t h e  h y d r o s t a t i c  g e o p o t e n t i a l  c o e f f i c i e n t  J, appearing 

e x p l i c i t l y  on t h e  right-hand s i d e  of t h e  modified h y d r o s t a t i c  

equa t ions ,  must be t r e a t e d  as an unknown i n  t h e  s o l u t i o n  of t h e  

h y d r o s t a t i c  equ i l ib r ium problem, t h e s e  equat lons become d i f f i c u l t  

t o  s o l v e  a l l  by themselves and one has t o  look f o r  an a d d i t i o n a l  

boundary condi t ion.  This boundary cond i t ion  i s  i n h e r e n t  i n  t h e  d e f i n i t i o n  

of the  h y d r o s t a t i c  equ i l ib r ium and i s  de r ived  from t h e  e x t e r n a l  

p o t e n t i a l  theory which n e i t h e r  assumes no r  d i scoun t s  t h e  e x i s t e n c e  

of h y d r o s t a t i c  e q u i l i b r i u m  i n  the e a r t h ' s  i n t e r i o r .  I t  r e q u i r e s  t h a t  

the equ i l ib r ium f i g u r e  of t h e  e a r t h  co inc ide  e x a c t l y  with t h a t  pre- 

d i c t e d  from t h e  e x t e r n a l  p o t e n t i a l  theory,  i f  h y d r o s t a t i c  equ i l ib r ium 

e x i s t s  i n  t h e  e a r t h ' s  i n t e r i o r ,  and i s  s t a t e d  i n  t e r m s  of Eq .  ( 5 ) .  
The s o l u t i o n  obtained wi th  t h e  he lp  of t h i s  boundary cond i t ion  t u r n s  

o u t  t o  be s u f f i c i e n t l y  g e n e r a l  s o  t h a t  t h e  t h r e e  most f r equen t ly  

mentioned p a r t i c u l a r  s o l u t i o n s  i n  l i t e r a t u r e  can b e  obtained from t h i s  

by merely d e f i n i n g  t h e  appropr i a t e  i n i t i a l  datum. 

meaningful model, of course,  remains t h e  one i n  which t h e  p o l a r  or 

mean moment of i n e r t i a  i s  h e l d  equa l  t o  t h a t  of t h e  real  e a r t h ,  

c a l c u l a t e d  from t h e  sa t e l l i t e -de te rmined  J and t h e  dynamical f l a t t e n i n g  

H computed v i a  t h e  cons t an t  of precession of t h e  real e a r t h .  For 

The only geophysical ly  
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-1 this h y d r o s t a t i c  niode3 t h e  f l a t t e n i n g  is f = 299.75. The s o l u t i o n  

i.s s i g n i f i c a n t  i n  t h a t  i t  demonstrates t h e  correct s t r u c t u r e  of t h e  

problem of h y d r o s t a t i c  equ i l ib r ium of t h e  e a r t h .  

f i g u r e  as r e fe rence ,  t h e  minimum s t r e n g t h  of t h e  e a r t h  r equ i r ed  to  

support  t h e  h y d r o s t a t i c  stresses (cons ide r ing  t h e  i n e q u a l i t y  due t o  

second zonal  harmonic only)  is  4.7 x 10 
7 2 are supported by s t r e n g t h  down to  t h e  core,  and 8.7 x 10 dynes/cm 

i n  case t h e  stresses are supported by s t r e n g t h  down t o  a depth of 0.1 

of t h e  e a r t h ' s  r a d i u s .  

h 

Taking t h e  equ i l ib r ium 

7 dynes/cm2 i n  case t h e  stresses 

The anomalous g r a v i t y  f i e l d  of t h e  e a r t h  with r e s p e c t  t o  t h e  

equ i l ib r ium f i g u r e  and t h e  i n t e r n a t i o n a l  r e fe rence  e l l i p s o i d  is s h a m  

i n  Figures  4 and 5. 

f o r  computing t h e  anomalous f i e l d  because such a f i e l d  would a l s o  

r e f l e c t  t h e  h y d r o s t a t i c  stresses which become ve ry  important  i n  

geophysical  s t u d i e s  on a r e g i o n a l  s c a l e .  A comparison of Figures  4 
and 5 shows t h e  e x t e n t  t o  which t h e  anomalous g r a v i t y  f i e l d  depends on 

t h e  r e fe rence  f i g u r e  used. 

with r e s p e c t  t o  t h e  i n t e r n a t i o n a l  r e fe rence  e l l i p s o i d  and t h e  equi- 

l i b r ium f i g u r e .  Figure 8 shows t h e  a s t r o g e o i d  r e f e r r e d  t o  t h e  equi- 

l ibr ium f i g u r e .  The agreement between the  v a r i o u s  extremums i n  Figures 

7 and t! i s  noteworthy and r e f l e c t s  t h e  appropr i a t eness  of t he  r e fe rence  

f i g u r e  t o  which both geoids are r e f e r r e d .  

The equ i l ib r ium f i g u r e  provides t h e  b e s t  r e fe rence  

Figures  6 and 7 show geo ida l  undulat ions 
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(Footnote f o r  p. 17 )  

It w a s  brought t o  t h e  au tho r ' s  a t t e n t i o n  t h a t  this w a s  a l s o  recognized 

by Caputo (1965), who compared the h y d r o s t a t i c  f l a t t e n i n g  obta ined  from 

several d i f f e r e n t  assumptions. However, Caputo d id  not  p o i n t  ou t  the  

problem mentioned i n  t h i s  r e p o r t ,  i .e.,  t h e  incompleteness of t h e  

system of equat ions  (15 and (16), i f  J is t r e a t e d  as an unknown, and, 

hence, does not  d e a l  w i th  t h e  problem considered i n  t h i s  r e p o r t .  
h 
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